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Abstract
Our research explores how difficult it is to detect whether a mathematical structure has some
specified property from a simple description of that structure. When it is possible for a computer
to detect the property, we say the property is recursively recognizable. When it is not, we can
describe how difficult detection is in terms of Kleene’s arithmetical hierarchy. In this paper, we
focus on giving sharp characterizations of the complexity of detecting non-trivial partial order-
ability and bi-orderability from descriptions of groups. This work contributes to a broad program
of research investigating the boundary between accessible and inaccessible mathematics.

Introduction
A group is the simplest mathematical structure in which it is possible to multiply associatively
and always find unique solutions, x and y, to equations of the form ax = b and ya = b.

Every group is completely described by its multiplication table. Some group structure may be
apparent in the multiplication table, some not.

Visualizations of multiplication tables (elementary diagrams) of the additive and multiplicative groups of integers, modulo 506 and 509,
respectively (left and center), and the group of points on the elliptic curve y2 = x3 + 4x+ 1 over GF(503) (on the right). (Images from [4].)†

We say a group is computable if there exists an algorithm for the multiplication table, that is, a
computer program that can compute the product of any two elements in that group. Giving such
an algorithm is one way to completely describe a group.

Another way to describe a group is with a presentation, which is given in terms of generators
and relators. The generators are the most basic elements of the group, and the relators help us
define how the group multiplication works (though not usually in a very transparent way).

The problems we investigate begin with questions of the form:

“Given a ‘nice description’ of a group, does it have property P?”

In the case of a computable group, a ‘nice description’ would be an algorithm for computing
products. In the case of presentations, a ‘nice description’ would be one where there exists an
algorithm which effectively enumerates the generators and relators. We characterize how hard it
is to answer these questions when P is an orderability property.

Orderability
A group is partially left ordered by� when a � b implies ca � cb for all group elements a, b, c.
A partial right-order is defined similarly, and a partial bi-order is one that is simultaneously a
right and left order. When the ordering is total, we drop the word partial.

Examples.
• The positive real numbers are bi-ordered by the usual ordering, ≤.

• Pairs of integers are partially bi-ordered by declaring that (a, b) � (c, d) if and only if a ≤ b
and c ≤ d.

• The group 〈a | a5 = 1〉 is not orderable at all. (If we consider an ordering with 1 � a, we soon
find out that 1 � a � a2 � a3 � a4 � a5 = 1, which is a contradiction, as ordered groups do
obey trichotomy.)

Motivation and context
It turns out that the existence of such orders is not recursively recognizable from a description
of the group. So, the question is: How hard is it to detect them?

Problems of this form have been investigated for nearly a century (for an excellent survey, see [6]),
and it turns out that detecting properties from descriptions can be very difficult. In the 1950’s,
Adian and Rabin famously showed that an entire class of properties, called Markov properties,
are not recursively recognizable within the class of finitely presented groups. These properties
include triviality, finiteness, having a solvable word problem, being nilpotent, free, or orderable
in various ways, and more.

We can describe how hard it is to detect these properties in a very precise way using the language
of the arithmetical hierarchy.

Kleene’s arithmetical hierarchy
Classes in the hierarchy, Σn and Πn for n ∈ N, can be thought of as collections of problems,
nested in a closed-downward way, as in the figure. A famous theorem of Emil Post establishes
a strong connection between the algorithmic complexity of solving a problem and the formula
describing it. (See [7] for an introduction.)

A precise description of the difficulty of a detection problem can be achieved in two steps. First,
characterize the property by a formula in the formal language of mathematics and, second, show
that the formula is optimal in terms of its complexity.

For example, the property “G is a torsion
group” is described by a Π2 formula:

∀g ∈ G ∃n ∈ Z, gn = 1.

In Theorems 3 and 4 below, we show this is
optimal.

Detection of a property is Σn (Πn) hard if be-
ing able to detect it is demonstrably as hard or
harder than any problem in Σn (Πn). It is Σn

(Πn) complete if it is hard and is described by
a Σn (Πn) formula.

We denote by We the domain of the eth pro-
gram in some systematic enumeration of pro-
grams in a fixed language. The set of all indices
of programs that have finite domains, FIN, is a
well-known Σ2-complete set.

In the 1960’s, Boone and Rogers [1] answered questions posed by Whitehead and Church in the
late 1950’s by showing that recognizing the decidability of the word problem is Σ3-complete, a
sharp characterization of the difficulty of detecting that property. The complexity of identifying
other properties from group presentations have since been studied. In the 1990’s, Lempp [5] es-
tablished that detecting the property of torsion-freeness (also a Markov property) is Π2-complete.

The index set complexity [2] is another way of describing the difficulty of detection of properties,
in the case of groups, from multiplication tables.

Results: bi-orderability
In our work, we’ve studied the complexity of identifying partial and total orderability from pre-
sentations and elementary diagrams of groups. Our first two results give sharp characterizations
of the complexity of the strongest type of ordering that a group can possibly admit, a total bi-
ordering.

Theorem 1. The set of indices of groups that admit a bi-ordering is Π1-complete within the class
of computable, torsion-free (even left-orderable) groups.

Theorem 2. Identification of bi-orderability is Π1-complete within the class of recursively pre-
sented groups.

Counting quantifiers gives upper bounds for the complexity of detecting these properties, but
careful constructions are needed to conclude that everything is really as hard as we think it is. In
the next section we demonstrate how some of these constructions are carried out.

Results: partial orderability

Here we investigate non-trivial partial orderability, which is the weakest non-trivial orderability
property a group could possibly have. This property is equivalent to the group being non-torsion,
so the following theorems establish the exact complexity of detecting this property.
A non-torsion group is one that satisfies the formula

∃g ∈ G ∀n ∈ N>0 gn 6= 1G.

so this property is a Σ2 one, hence the problem of detecting it is in that class.

Theorem 3. Identification of the property of being non-torsion is Σ2-complete in the class of
infinitely generated recursively presented groups.

Proof. We show that identification of the property of being non-torsion is Σ2-hard by reducing
FIN, well-known to be Σ2 complete, to this problem. We construct a presentation, Pe, of a group
that is non-torsion if and only if the set, We, which determines the construction, is finite. In the
construction, We,s denotes the sth (finite) approximation to We.

Stage 0. Let Pe,0 = 〈x0 | 〉. Set n = 0.

Stage s+1. We begin this stage with a finite approximation to a presentation of G,
Pe,s = 〈x0, . . . , xn | x2

0, x
2
1, . . . , x

2
n−1, [xi, xj] for 0 ≤ i, j ≤ n〉, where [xi, xj] denotes

the commutator of xi and xj. If We,s+1 −We,s = ∅, then set Pe,s+1 = Pe,s. Otherwise,
set

Pe,s+1 = 〈x0, . . . , xn+1 | x2
0, . . . x

2
n, [xi, xj] for all 0 ≤ i, j ≤ n + 1〉.

Let Pe = limsPe,s.

The presentation resulting from this construction depends entirely on the cardinality of We. If
We is infinite, we have a presentation of a group, all of whose elements have order two. If We

is finite, we have a presentation 〈xo, x1, . . . xn | x2
0, x

2
1, . . . x

2
n−1, [xi, xj], ∀ 0 ≤ i, j ≤ n − 1〉,

which contains a non-torsion element, namely xn.

Theorem 4. The set of indicies of non-torsion groups is Σ2-complete within the class of com-
putable groups.

Proof idea. We construct for each e ∈ ω, a computable abelian group G(e) that is non-torsion if
and only if We is finite. While enumerating We, we build the multiplication table of a group and
“collapse” it to a torsion group every time a new term appears in We. If, at some point, no new
element ever appears (i.e. We is finite), then the group contains an element of infinite order.

The group we build will be isomorphic to a group of the form Zn1 × Zn2 × · · · × Znk × · · ·
if We is infinite, or of the form Zn1 × Zn2 × · · · × Znk × Z if We is finite.

Thus, the group G(e) will have a non-torsion component if and only if We is finite.
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