
SYMMETRIES OF A SQUARE

Suppose we remove a square region from a plane, move it in some way, and put the

square back in the space that it was originally. Our goal is to take this idea and describe

the relationships between starting and ending position of the square in terms of motions.

To make matters easier, lets picture the square region as being transparent (like glass).

We mark each vertex of the square with a number 1, 2, 3, or 4, so we know the starting

orientation of the square before we move it. Now let’s find a way to describe these motions

in a simple fashion. First let’s establish some ground rules.

1. Rotations

These ”rigid symmetries” will consist entirely of rotations, reflections, and possibly com-

binations of both. To describe each motion, we will use the following method to describe

the movement of vertices. If we know what is happening to each vertex of the square, then

we know what is happening to the entire square.



Example 1.1 Let’s take a 90 degree counter-clockwise rotation, call it r. Geometrically,
we can see what is happening to the square, and its vertices. Starting with the original
position of the square

If we picture a house at each vertex, and the vertex number owning each respective
house (i.e.1 owns the house in the upper left corner of the square), then we say that

vertex 1 goes to vertex 4’s house (vertex 1 goes to where vertex 4 used to be)

vertex 2 goes to vertex 1’s house (vertex 2 goes to where vertex 1 used to be)

vertex 3 goes to vertex 2’s house (vertex 3 goes to where vertex 2 used to be)

vertex 4 goes to vertex 3’s house (vertex 4 goes to where vertex 3 used to be)



To easily explain this, we write
(1432)

This means, 1 goes to 4, 4 goes to 3, 3 goes to 2, and 2 goes back to 1. By knowing
where each vertex is sent we can immediately see that this motion described is a 90 degree
rotation. This object, (1432) is called a permutation.

Example 1.2. To describe a counter-clockwise rotation of 180 degrees, it is easier to
think of it as two 90 degree rotations. Since a 90 degree rotation is denoted by, r, a rotation
of 180 degrees is written as r · r = r2. To see what is happening to the vertices, we can
geometrically see r2 below:

Since vertex 1 is being sent to vertex 3 and vertex 3 is being sent to vertex 1, we write

(13)



Similarly, vertex 2 is being sent to vertex 4, and vertex 4 is being sent to vertex 2, so we
write

(24)

Putting this all together, we say that

r2 = (13)(24)

This means that vertices 1 and 3 exchange positions, and vertices 2 and 4 exchange po-
sitions, but vertices 1 and 3 never move to positions 2 or 4. We call these movements
disjoint, which means the motions are independent of each other.

It is very important to notice that (13)(24) 6= (1324). In fact, (1324) wouldn’t be possi-
ble at all (Why?).

How would we write a 270 degree rotation(r3)?



2. Reflections

To perform any reflection we first must choose a line of reflection. We cannot choose

any line though. We must pick a line that preserves the orientation of the square after

the reflection is performed. In other words, after we reflect about some line, the square

must appear in the same place it started, and the only difference being that the vertices

are (possibly) labeled differently.

Lines through vertices will always preserve the symmetry of the square after a reflection,

but there are more lines which work as well. An example of this is a vertical line going

through the midpoints of two opposite sides. Since we labeled rotations by writing powers

of r, lets label reflections by writing using a convenient letter to describe the line we are

reflecting about. For example, a reflection about the vertical line through two opposite

sides would be called V for vertical. Let’s now see some reflections in action, and use our

notation to describe what is happening to the vertices.



Example 2.1. To perform a reflection about the vertical line which we called V , lets first
draw the starting position of the square with V being the dotted line through midpoints
of sides on the top and bottom of the square.

We can now see that there are two independent exchanges of vertices, very similar to
what we saw in example 1.2, where we examined r2. To use our notation to describe V ,
we see that 1 and 2 are exchanged, and 3 and 4 are exchanged as well. So we write,

V = (12)(34)

Again we can see that (12)(34) 6= (1234) because if it did, a rotation would equal a
reflection, which is impossible. What rotation of the square is (1234)?



Example 2.2. Now let’s reflect about a line through some vertices. We’ll start by
choosing the line to go through vertices 1 and 3, we will call this line D which stands for
main diagonal. By seeing what happens to the square in the picture below, we see that
the vertices lying on the line D (vertices 1 and 3), don’t move at all after the reflection.

The only two vertices that move anywhere are 2 and 4, so we can write this in two ways.
We can say that

D = (1)(3)(24) or D = (24)

It is often easier to write D = (24) because the absence of 1 and 3 implies that those
vertices just don’t move.



Example 2.3. For the last example let’s reflect about a horizontal line through the
midpoints of the left and right sides of the square. We call this reflection H, since we are
reflecting about the horizontal line through two sides. We see that

Since vertex 1 goes to vertex 4, vertex 4 goes to vertex 1, vertex 2 goes to vertex 3, and
vertex 3 goes to vertex 2 we can write

H = (14)(23)

This is very similar to V except H swaps different vertices than V so they are in fact
different motions of the square.



3. Permutation multiplication

Now we are equipped with the machinery to compute all rigid motions of the square,
and more importantly, combinations of rotations and reflections. First it will be important
to understand how to compute combinations of the motions we have learned so far. The
easiest way to do this is to use the method of writing where each vertex goes. Let’s look
at some examples:

Example 3.1. Let’s take the permutation for r = (1432), and multiply it by itself. To
to this we write:

(1432)(1432)

The most important (and trickiest) part of multiplying is that instead of going left-to-right
like we are used to, we go RIGHT-TO-LEFT. We can think if it as a step by step process:

1) Start on the right side with the number 1, and write down where 1 goes in the first
permutation.
With (1432)(1432), we can see that 1 goes to 4 in the right most (1432).

2) Now, we take the number we wrote down, 4, and see where it is sent to in the next
permutation.
In other words, we now want to see what (1432) does to the number 4.
We can see that this permutation takes 4 to 3

3)To write the final result, we say that, (starting with 1 and going right-to-left)
(1432)(1432) , first takes 1 to 4, AND THEN takes 4 to 3. So overall,
(1432)(1432) takes 1 to 3.

4) Now since we ended at 3 in the previous step, we go back to step 1, except now, we
start with the number 3.

To finish this computation, we see that

(1432)(1432)

takes 3 to 2, then 2 to 1. So in total, we say that 3 goes to 1.

We now know that when we compute (1432)(1432), we see that 1 goes to 4 then 4 goes
to 3, and 3 goes to 2 then 2 goes to 1. So we write (13). But what happens to 2?

If we go back to step 1, but this time start with the number 2, we see that in (1432)(1432),
2 goes to 1, then 1 goes to 4, so this implies that 2 goes to 4. Similarly, 4 goes to 1 and 1
goes to 2, so in total, 4 goes to 2.



Now were done! To simplify matters, if we have two numbers x and y, and we discover
the x goes to y, lets just write

x→ y

So to finish this example, we discovered that when we compute (1432)(1432) we saw that

1→ 3 and 3→ 1

2→ 4 and 4→ 2

So we write
(1432)(1432) = (13)(24)

.
This may still seem(and still should be) a little confusing(because it’s hard!), so let’s do

some more examples.



Example 3.2.
Let’s try

(1234)(3421) =?

Starting right-to-left with the number 1.

(1234)
3→4

(3421)
1→3

so 1→ 4

Now let’s do it again to see what happens to 4.

(1234)
2→3

(3421)
4→2

so 4→ 3

What about 3?

(1234)
4→1

(3421)
3→4

so 3→ 1

Since we’ve arrived back at 1, and have not seen any number get sent to 2, we would
expect 2→ 2, but let’s check.

(1234)
1→2

(3421)
2→1

so 2→ 2

So were done! We now see that

1→ 4 4→ 3 3→ 1 2→ 2

Since 2 goes to itself, we don’t need to write (2), we just leave it out of the final answer.

So
(1234)(3421) = (143)

Now you try a hard one. I’ll write the answer but make sure you check to see that it is
correct.

Exercise 3.3. Check that

(1324)(31)(423)(12) = (13)



4. Combinations of rotations and reflections

Now it’s time to apply what we’ve learned and see what happens when more than one

rigid motion of the square is executed. We will rely closely on what we’ve learned about

permutation multiplication. First, recall from Section 1, that a 90 degree counter-clockwise

rotation, r was written as (1432). We also computed r2 and found out that it was written

as (13)(24). We saw this geometrically but we can also multiply the permutations and

verify the formula for r2 algebraically.

Recall that r2 = r · r so since r = (1432), we can say that

r2 = r · r = (1432)(1432)

If we look back at example 3.1 we see that we already did this! So

(1432)(1432) = (13)(24) = r2!!

Just like we had hoped for. Not only can we compute combinations of motions of the

square geometrically, but we can do it algebraically as well.

A good question to ask at this point is

What happens when we do reflections followed by rotations or rotations followed by reflec-

tions?

Does the order in which we do them make a difference?

Do we get a different motion of the square?



Example 4.1.
Let’s see what happens if we do two different motions in a row. Let’s do a 90 degree

rotation, r, followed by a reflection about the line H. Recall that r = (1432) and H =
(14)(23). Let’s first examine this geometrically then algebraically check our work. First
we will rotate, then reflect.

It looks like this sequence of motions has given us a new orientation of the square, but
what motion is it?? It will help to check algebraically. We will want to use the permutations
that we wrote down earlier. Since we multiply permutations from RIGHT-TO-LEFT, we
will write the motion, do r first, then H, as Hr since we multiply the permutation for r
first. We see that

Hr = (14)(23)
H

(1432)
r



Let’s compute Hr by starting with 1 and seeing where it goes.

Hr = (14)
4→1

(23)
4→4

(1432)
1→4

So 1→ 1.
Now starting with 2:

(14)
1→4

(23)
1→1

(1432)
2→1

So 2→ 4.
Now starting with 4:

(14)
2→2

(23)
3→2

(1432)
4→3

So 4→ 2.
Now we know that 3 has nowhere to go but itself so we are done, and

Hr = (14)(23)(1234) = (24)

.
If we look back to example 2.2, we see that D = (24)!! So it turns out that a 90 degree

rotation followed by reflection in the line H is the same motion as reflection in the line D.
In other words,

Hr = D

Now we must ask, does Hr = rH?
In words, this is saying, is a 90 degree rotation followed by a reflection in H the same
motion as a reflection in H followed by a 90 degree rotation?

Compute rH and see if it is also reflection in the main diagonal, D.

This set of rigid motions of the square is commonly referred to as the dihedral group of
order 8. In shorthand it is written as D4. How many possible motions of the square exist
and do any combinations of rigid motions reduce to a single motion?

This is an incredibly important and deep mathematical topic. It turns out there are
many dihedral groups, among other structures that are also known as groups. D4 is only
one of an infinite number of these groups, we will investigate these questions and more
examples of groups in the weeks to come.


